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In this paper we study the properties of two-qubit gates. We review the most ommon parameter-
izations for the loal equivalene lasses of two-qubit gates and the onnetions between them. We
then introdue a new disrete loal invariant, namely the number of loal degrees of freedom that
a gate an bind. The value of this invariant is alulated analytially for all the loal equivalene
lasses of two-qubit gates. We nd that almost all two-qubit gates an bind the full six loal degrees
of freedom and are in this sense more eetive than the ontrolled-NOT gate whih only an bind
four loal degrees of freedom.
PACS numbers: 03.67.Lx
Keywords: quantum omputation, lo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I. INTRODUCTION
Quantum omputation is a novel information proessing method in whih lassial information is enoded into a
quantum-mehanial system [1℄, alled the quantum register. In most quantum omputers the quantum register is a
olletion of two-level systems, termed qubits. The omputation is performed by the unitary temporal evolution of
the register, followed by a measurement. In order to exeute a quantum algorithm, one has to be able to generate the
required unitary propagators that are usually referred to as quantum gates.
It has been shown that almost any xed two-qubit gate together with arbitrary single-qubit gates is universal [2, 3℄, i.e.,
any n-qubit gate may be onstruted using only a nite number of these gates. Conventionally, the elementary gate
library is hosen to onsist of the single-qubit rotations Rx, Ry, Rz and the ontrolled-NOT gate (CNOT). However,
in many realizations, the CNOT is not the natural hoie for the entangling two-qubit gate. Reently, an optimal
onstrution of an arbitrary two-qubit gate using three CNOTs and 15 single-qubit rotations has been introdued [4℄.
In addition, onstrutions for the double-CNOT (DCNOT) [5℄, the ontrolled-unitary gates [5℄ and the so-alled super
ontrolled gates [6℄ have been published. A onstrution using only two appliations of the B gate has been introdued
in Ref. [7℄, and in Ref. [8℄ it is shown that no other onstrution using only two appliations of a xed two-qubit
gate exists. Extensions to the n-qubit ase are mainly uninvestigated. However, several CNOT-based onstrutions
with O(4n) asymptoti behaviour exist, the best of whih [9, 10℄ have CNOT ounts of twie the highest known lower
bound [4℄.
In many of the proposed realizations for quantum omputers the individual qubits are fully ontrollable, whereas the
interqubit interations are often xed. In addition, single-qubit operations tend to be onsiderably faster to implement
than multiqubit operations. This is why it often makes sense to study the loal equivalene lasses of multiqubit gates
instead of the gates themselves. Two gates are onsidered equivalent if they an be onverted to eah other using
only loal operations, i.e., tensor produts of single-qubit gates. The equivalene lasses are haraterized by loal
invariants, whih are quantities that are not aeted by loal operations.
In this paper we briey review the urrently used parameterizations for the loal equivalene lasses of two-qubit
gates and point out their equivalene. We then introdue a new disrete loal invariant whih desribes the number of
loal degrees of freedom a gate an bind. Finally, we alulate the value of this invariant for all the loal equivalene





2II. LOCAL EQUIVALENCE CLASSES OF TWO-QUBIT GATES
An n-qubit quantum gate k is said to be loal i it onsists solely of single-qubit rotations: k ∈ SU(2)⊗n =: Ln. Two
n-qubit gates U1, U2 ∈ SU(2n) are said to be loally equivalent i U2 = k1U1k2, where k1, k2 ∈ Ln. This onstitutes
an equivalene relation, whih we denote by U1 ∼ U2.
Using the theory of Lie groups it an be shown [11, 12℄ that any two-qubit gate U ∈ SU(4) an be deomposed using
the Cartan deomposition as




(c1σx ⊗ σx + c2σy ⊗ σy + c3σz ⊗ σz)
)
k2, (1)
where σi denote the Pauli matries, k1, k2 ∈ L2 and c1, c2, c3 ∈ R. The matrix A is a member of the Cartan subgroup
of the deomposition and arries all the nonloal properties of the gate U . Hene the loal equivalene lasses of two-
qubit gates an be parameterized by the three salars [c1, c2, c3], known as anonial parameters. This is a minimal
set of parameters sine the group SU(4) is 15-dimensional and the loal rotations eliminate 2× dim(SU(2)⊗2) = 12
degrees of freedom thereof. The anonial parameterization is visualized in Fig. 1. The tetrahedron OA1A2A3 in the
gure is alled a Weyl hamber. It is dened by the inequalities π ≥ c1 ≥ c2 ≥ c3 ≥ 0, π− c1 ≥ c2. The Weyl hamber
ontains all the loal equivalene lasses of two-qubit gates exatly one, exepting the fat that the triangles LA1A2
and LOA2 are equivalent.
Figure 1: Weyl hamber. Points O and A1 orrespond to the identity gate I , A3 to the SWAP gate, L to the ontrolled-NOT







1 0 0 1
0 −i −i 0
0 1 −1 0
−i 0 0 i

 (2)
is the transformation from the standard basis of states {|00〉 , |01〉 , |10〉 , |11〉} into the Bell basis, also known as the
magi basis [13℄. We use the lower index B to denote the hange of basis: UB := QUQ
†
. The magi basis has
the speial property that loal gates expressed in it are orthogonal. In other words, onjugation by Q is a group
isomorphism between SU(2)⊗SU(2) and SO(4). Furthermore, it renders our hosen Cartan subgroup (generated by
σx ⊗ σx, σy ⊗ σy and σz ⊗ σz) diagonal. These two properties enable us to alulate the anonial parameters of any






ei(c1+c2−c3), ei(c1−c2+c3), ei(−c1+c2+c3), e−i(c1+c2+c3)
}
. (3)
3Gate c1 c2 c3 g1 g2 g3















































0 0 0 0




α 0 0 0 cos(2α)
Table I: Values of the anonial and Makhlin invariants for some ommon gates. SPE denotes a speial perfet entangler [6, 15℄.
Ref. [14℄ presents an algorithm for extrating the anonial parameters ci from this spetrum in a onvenient way
although it uses a slightly dierent notation. The equivalene of the methods beomes apparent using the equality
QTQ = −σy ⊗ σy, sine










U(σy ⊗ σy)UT (σy ⊗ σy)
)
= λ(UU˜). (4)
Ref. [4℄ presents another system of invariants, namely the harateristi polynomials χ[γ2(U)], where γ2(U) = U(σy ⊗
σy)U
T (σy ⊗ σy). They are ompletely equivalent to the anonial parameters sine the harateristi polynomial
χ[γ2(U)] arries exatly the same information as λ (M(U)) = λ(γ2(U)).
Another useful parameterization for the two-qubit loal equivalene lasses is provided by the Makhlin invariants G1








The Makhlin invariants are by far the easiest ones to alulate. They, too, provide the same information as the
previous invariants sine λ (M(U)) is fully determined by them. G1 may be omplex but G2 is always a real number,
whih leads to three real-valued invariants. If U is represented as in Eq. (1), the Makhlin invariants redue to [12℄
g1 := ReG1 = cos
2 c1 cos
2 c2 cos
2 c3 − sin2 c1 sin2 c2 sin2 c3,
g2 := ImG1 =
1
4
sin 2c1 sin 2c2 sin 2c3, (6)
g3 := G2 = 4 cos
2 c1 cos
2 c2 cos
2 c3 − 4 sin2 c1 sin2 c2 sin2 c3 − cos 2c1 cos 2c2 cos 2c3.
Example values of the invariants of dierent gates are given in Table I. The set of all the two-qubit gate equivalene
lasses in the Makhlin parameter spae is presented in Fig. 2. The surfae is given by the equations
g1 = cos





g3 = 4g1 − cos(2s) cos2(2t),
where s ∈ [0, π], t ∈ [0, π/2]. The surfae and the inside of the objet orrespond to the surfae and the inside of the
Weyl hamber, respetively.









 , Lkn(a, ~θ) ∈ Ln ∀~θ ∈ Rk, (8)
4Figure 2: Weyl hamber in the oordinates of the Makhlin invariants.
where j runs over the 3n loal generators of SU(2n), to denote a k-parameter family of n-qubit loal gates. It is
dened by the funtion a : Rk → R3n. The generators Xj are normalized suh that they are orthonormal with respet
to the inner produt 〈X,Y 〉 := Tr (X†Y ).




~θ)U ∀~θ ∈ Rk. (9)
A gate binds the loal degrees of freedom that it does not leak. We dene a funtion η : SU(2n)→ N to indiate the
number of loal degrees of freedom that an n-qubit gate U binds. We always have max η ≤ 3n, i.e., at most three
degrees of freedom for eah qubit.









































 = Lkn(b˜, ~θ), (11)








~θ)V and proves that η is indeed a loal invariant.

































bk(~θ)δki, i = 1, 2, . . . , 4
n − 1, (14)





. The generators Xj are antihermitian and U is unitary. This implies that the elements











∀~θ ∈ Rk, (15)
whereWL ∈ R3n×3n, WN ∈ R(4n−1−3n)×3n and the indies L and N stand for loal and nonloal, respetively. Hene,
we must have a(~θ) ∈ kerWN for all values of ~θ. Moreover, sine b must have the same dimensionality as a, the
omponent of kerWN parallel to kerWL must be disregarded. Using the rank-nullity theorem we nally obtain
η(U) = 3n− dim(kerWN ) + dim(kerWL ∩ kerWN ). (16)
IV. η FOR TWO-QUBIT GATES
For the set of two-qubit gates U ∈ SU(4), max η ≤ 6. It is obvious that η(I) = 0 and η(SWAP) = 0 sine all loal gates
and hene all loal degrees of freedom may be ommuted through these gates. It is also known that η(CNOT) = 4
and η(DCNOT) = 4. The result for CNOT is obtained by ombining the ommutation properties of CNOT with
the Euler rotations Rz and Rx and the fat that an arbitrary two-qubit gate may be implemented using at most
three CNOTs [4, 16, 17, 18℄. Similar arguments for the DCNOT are presented in Ref. [5℄, inluding the expliit
implementation of an arbitrary two-qubit gate using three DCNOTs. Also, from the onstrution of Ref. [7℄, it is lear
that η(B) ≥ 5. Apart from suh observations, no expliit alulations for η have been presented in the literature so
far.
We will now proeed to derive an analytial expression for η for an arbitrary two-qubit gate. Beause η is a loal













c3 0 0 c1 − c2
0 −c3 c1 + c2 0
0 c1 + c2 −c3 0





whih represent all the nonloal equivalene lasses. The alulation of the elements ofWL andWN is straightforward.





l11,1 0 0 l
1
1,2 0 0
0 l21,1 0 0 l
2
1,2 0
0 0 l31,1 0 0 l
3
1,2
l12,1 0 0 l
1
2,2 0 0
0 l22,1 0 0 l
2
2,2 0








0 0 0 0 0 0
0 0 n31,1 0 0 n
3
1,2
0 n21,1 0 0 n
2
1,2 0
0 0 n32,1 0 0 n
3
2,2
0 0 0 0 0 0
n11,1 0 0 n
1
1,2 0 0
0 n22,1 0 0 n
2
2,2 0
n12,1 0 0 n
1
2,2 0 0




6[c1, c2, c3] Set in the Weyl hamber η
[0, 0, 0]
∧
= [pi, 0, 0] O,A1 0
[pi/2, pi/2, pi/2] A3 0
[x, x, x], x 6= 0, x 6= pi/2 OA3 \ {O,A3} 3
[pi − x, x, x], x 6= 0, x 6= pi/2 A1A3 \ {A1, A3} 3
[x, 0, 0]
∧
= [pi − x, 0, 0], x 6= 0 OA1 \ {O,A1} 4
[pi/2, pi/2, x], x 6= pi/2 A2A3 \ {A3} 4
[x, x, y], x 6= y, x 6= pi/2 OA1A3 \ {OA3, A1A3} 5
[x, y, y], x 6= y, x+ y 6= pi, y 6= 0 OA2A3 \ {OA3, A2A3} 5
[pi − x, x, y], x 6= y, x 6= pi/2 A1A2A3 \ {A1A3, A2A3} 5
{All other points} {All other points} 6
Table II: η, or the number of loal degrees of freedom bound, for the loal equivalene lasses of two-qubit gates.












cos c2 cos c3 sin c2 sin c3













sin c2 cos c3 − cos c2 sin c3














cos c1 cos c3 sin c1 sin c3













− sin c1 cos c3 cos c1 sin c3














cos c1 cos c2 sin c1 sin c2













sin c1 cos c2 − cos c1 sin c2

























, i = 1, 2, 3. (20)
Eah blok Li produes a two-dimensional null spae i all the elements of Li equal zero. A one-dimensional null
spae is formed i detLi = cos(cj + ck) cos(cj − ck) = 0, where ǫijk = 1, but N i 6= 0. Similarly, eah blok N i
produes a two-dimensional null spae i all the elements of N i equal zero, and a one-dimensional null spae i
detN i = (−1)i+1 sin(cj + ck) sin(cj − ck) = 0, where ǫijk = 1, but N i 6= 0.
Taking into aount the orrelations among the elements of the matries Li and N i we nd that in the two-qubit
ase kerWL ∩ kerWN = {~0} always. Thus we have η = 6− dim(kerWN ) and the number of loal degrees of freedom
leaked is given by the nullity of WN . The results for all the possible values of [c1, c2, c3] are olleted in Table II. One
noties that everywhere inside the Weyl hamber η reahes its maximum value of 6. At the verties O = A1 and A3
η = 0, on the edges between them η = 3, on the edges OA1, A2A3 η = 4 and on the faes OA1A3, OA2A3, A1A2A3
η = 5.
The number of loal degrees of freedom that the gate U leaks is obtained as the number of pairs of equal eigenvalues
λi in the spetrum of the matrix M(U), presented in Eq. (3). In other words, any n-fold eigenvalue of M(U) indiates
n(n− 1)/2 loal degrees of freedom that pass through the gate U . Translated to the language of the Weyl hamber,
eah Weyl symmetry plane the point [c1, c2, c3] touhes auses the gate to leak one loal degree of freedom.
7V. CONCLUSION
In this paper we have introdued a new loal invariant η for quantum gates, indiating the number of loal degrees
of freedom a gate an bind. Furthermore, we have analytially alulated the value of this invariant for all two-qubit
gates. We have found that almost all two-qubit gates an bind the full six loal degrees of freedom. However, most of
the ommonly ourring gates suh as CNOT or
√
SWAP are exeptions to the rule, performing muh worse in this
sense.
The meaning of η is illustrated by onsidering the lower bounds on gate ounts for a generi n-qubit iruit. Let
the gate library onsist of all one-qubit gates and a xed two-qubit gate U . Then almost all n-qubit gates annot be
simulated with a iruit onsisting of fewer than
NU =
⌈




appliations of the two-qubit gate. This result is a straightforward generalization of Proposition III.1 in Ref. [4℄. The
gates binding the full six degrees of freedom are thus expeted to be the most eient building bloks for multiqubit
gates.
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Appendix A: MATHEMATICAL PREREQUISITES
The Lie algebra g of a linear Lie group G < GL(n,K) is the set
g := {X ∈ Kn×n| exp(tX) ∈ G ∀t ∈ R}. (A1)
In an be shown that g is a real vetor spae spanned by the generators of G. For example, the Lie algebra su(n) of
the group SU(n) onsists of all the n× n omplex antihermitian traeless matries.
The adjoint representation of a Lie group G, Ad : G→ Aut(g), is a group homomorphism dened by
Ad(g)X := gXg−1 (g ∈ G,X ∈ g). (A2)
It behaves in a rather simple way in exponentiation:
exp (Ad(g)X) = g exp (X) g−1 for all g ∈ G, X ∈ g. (A3)
Also, if we dene an inner produt 〈X,Y 〉 := Tr (X†Y ) for g, we nd that it is preserved by the adjoint representation:
〈Ad(g)X,Ad(g)Y 〉 = 〈X,Y 〉 for all g ∈ G, X, Y ∈ g. (A4)
8As a onrete example, the adjoint representation keeps orthonormal bases of g orthonormal.
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